Abstract A connected graph G is a cactus if any two of its cycles have at most one common vertex. Let ℓ m n be the set of cacti on n vertices with matching number m. S.C. Li and M.J. Zhang determined the unique graph with the maximum signless Laplacian spectral radius among all cacti in ℓ m n with n = 2m. In this paper, we characterize the case n ≥ 2m+1. This confirms the conjecture of Li and Zhang (S.C. Li, M.J. Zhang, On the signless Laplacian index of cacti with a given number of pendant vetices, Linear Algebra Appl. 436, 2012,[4400][4401][4402][4403][4404][4405][4406][4407][4408][4409][4410][4411]. Further, we characterize the unique graph with the maximum signless Laplacian spectral radius among all cacti on n vertices.
Introduction
Spectral graph theory (for example, [11, 12, 16] et al) studies properties of graphs using the spectrum of related matrices. In this paper, we consider only simple graphs (i.e., finite,undirected graphs without loops or multiple edges), and follow [2, 4, 11, 12, 16] for terminology and notations.
Let G = (V, E) be a simple graph with vertex set V = V (G) = {v 1 , v 2 , . . . , v n } and edge set E = E(G). Let A(G) = (a ij ) denote the adjacency matrix of G, where a ij = 1 if vertex v i and vertex v j are adjacent in G and 0 otherwise. Let diag(G) = diag(d 1 , d 2 , . . . , d n ) be the diagonal matrix with degree of the vertices of G and Q(G) = diag(G) + A(G) be the signless Laplacian matrix of G. It is well known that A(G) is a real symmetric matrix and Q(G) is a positive semidefinite matrix. The eigenvalues of Q(G) can be ordered as
where q 1 (G) is the largest signless Laplacian eigenvalue of G and it is called the signless Laplacian spectral radius of G, denoted by q(G). It is easy to see that if G is connected, then A(G) and thus Q(G) is a nonnegative irreducible matrix. By the Perron-Frobenius theory, q(G) has multiplicity one and there exists a unique positive unit eigenvector, say x = (x 1 , x 2 , . . . , x n )
T , corresponding to q(G), which is called the Perron vector of Q(G). It will be convenient to associate a labelling of vertices of G (with respect to x) in which x v is a label of v. The signless Laplacian characteristic polymomial of G, is equal to det(xI n − Q(G)), denoted by ψ(G, x) ( or, for short, by ψ(G)).
In order to state our results, we introduce some notation and terminology. Let P n , S n and C n be the path, star and cycle on n vertices, respectively. Let G − v, G − uv denote the graph obtained from G by deleting vertex v ∈ V (G), or an edge uv ∈ E(G), respectively (this notation is naturally extended if more than one vertex or edge is deleted). Similarly, Let G+v be obtained from G by adding vertex v / ∈ V (G) (note, if a vertex v is added to G, then its neighbours in G should be specified somehow), G + uv be obtained from G by adding an edge uv / ∈ E(G), where u, v ∈ V (G). For v ∈ V (G), let N G (v) (or N(v) for short) denote the set of all the adjacent vertices of v in G.
The degree of a vertex v in G is denoted by d G (v). If d G (v) = 1, then v is a pendant vertex of G. An edge associated with a pendant vertex is a pendant edge. Two distinct edges in a graph G are independent if they do not have a common end vertex in G. A set of pairwise independent edges of G is called a matching of G, while a matching of maximum cardinality is a maximum matching of G. The matching number m of G is the cardinality of a maximum matching of G. Let M be a matching of G. The vertex v in G is M-saturated if v is incident with an edge in M; otherwise, v is M-unsaturated. A perfect matching M of G means that each vertex of G is M-saturated. Clearly, every perfect matching is maximum.
We call graph G a cactus if G is connected and any two of its cycles have at most one common vertex. For a cactus graph G, we call it a bundle if all cycles of G have exactly one common vertex. Let ℓ m n denote the set of cacti with n vertices and matching number m.
Recently there is a lot of work on the spectral radius or the signless Laplacian spectral radius of graphs, see [6, 13, 14, 15, 17, 19, 24, 26, 28, 32, 36, 40, 41, 45, 49] et al. Some investigation on graphs with prefect matching or with given matching number is an important topic in the theory of graph spectra, see [7, 8, [32] determined the unique graph with the maximum signless Laplacian spectral radius among all cacti in ℓ m n with n = 2m, and gave a conjecture about the case n ≥ 2m + 1 as follows.
with equality if and only if
) with equality if and only if
) is the largest root of the equation
In this paper, some useful lemmas are given in Section 2. In Section 3, we characterize the unique graph with the maximum signless Laplacian spectral radius among all cacti in ℓ m n with the case n ≥ 2m + 1. This improves and confirms Conjecture 1.1 of Li and Zhang in [32] . Further, we characterize the unique graph with the maximum signless Laplacian spectral radius among all cacti on n vertices.
Some preliminaries
In this section, we introduce some lemmas which we need to use in the presentations and proofs of our main results in Sections 3. Let I p be the p × p identity matrix and J p,q be the p × q matrix in which every entry is 1, or simply J p if p = q. Let M be a matrix of order n, σ(M) be the spectrum of the matrix M. Definition 2.7. ( [34] ) Let M be a real matrix of order n described in the following block form
where the diagonal blocks M ii are n i × n i matrices for any i ∈ {1, 2, . . . , t} and n = n 1 + . . . + n t . For any i, j ∈ {1, 2, . 
where λ [t] means that λ is an eigenvalue with multiplicity t.
Lemma 2.10. Let n be positive integer and s, k be nonnegative integers with 2s + k + 1 = n, H k s be a graph on n vertices as in Fig. 1 . Then
Proof. Clearly, we have
then it can be written as follows: 
] }, where
Further, we can write B 1 (H k s ) as follows:
Thus we have
and by direct computing, we know the signless Laplacian characteristic polynomial of B 2 (H k s ) is as follows:
Therefore, we complete the proof of (2.3) by (2.5) and (2.6).
Lemma 2.11. Let n, k be positive integers and s be nonnegative integer with 2s + k + 2 = n, L k s be a graph on n vertices in Fig. 2 , and
and it can be written as follows:
Further, we can write B 1 (L k s ) as follows: 9) and by direct computing, we know the signless Laplacian characteristic poly
Combining the above arguments, (2.7) holds.
Then the following equations (2.10) and (2.11) are the equations (3.1) and (3.2) in [32] , respectively.
Comparing (2.3) with (2.10), and comparing (2.7) with (2.11), we can find that they are different equations. The reason is that in the proof of Eq.(3.1) in [32] ,
. Thus Theorems 3.1-3.3 and Conjecture 3.4 in [32] may be revised as follows. ⌋, G be a cactus with n vertices and k pendant vertices.
( ⌋, G be a cactus on n vertices. Then
for odd n, and the equality holds if and only
(
, and the equality holds if and only if
), and the equality holds if and
Main result
Let G be a cactus with n vertices and matching number m. Clearly, m ≤ n 2 . If n = 2m, Proposition 2.15 characterized the unique graph with the maximum signless Laplacian spectral radius among all cacti in ℓ m n . Now we will determine the case of n ≥ 2m + 1 and thus show Conjecture 2.16 is true. The technique used in the proof is motivated by [27, 32] et al. Let M be a maximum matching of G. Then |M| = m, and there are three cases for a non-pendant edge e = uv in G : (1) e = uv is an M-saturated edge; (2) e = uv has exactly one M-saturated vertex; (3) e = uv is an M-unsaturated edge but both u and v are M-saturated vertices.
We first prove that the graph G is a bundle. In order to do so we will prove the following four claims.
Claim 1.
If T is an induced subtree of G, and T is attached to a vertex v, where v is on some cycle of G, then T is a star whose center is v.
Proof. Suppose that there exists a tree T attached to v 1 , but T is not a star, where v 1 is on some cycle of G. Then there must exist a path P = v 1 u 1 u 2 of length 2 in T.
In G 1 , T is transformed to a new tree, denoted by T 1 . It is obvious that the number of pendant vertices of T 1 is more than the number of pendant vertices of T . If there still exists a path Q of length 2 in T 1 of G 1 , repeatedly the similar operation as above, till there are no path with length 2 in T 1 . At this moment, T 1 is transformed to a star, denoted by T 2 , and the new graph is denoted by G 2 . By Lemma 2.1, we have q(G) < q(G 1 ) < q(G 2 ).
Assume that |V (T )| = n 1 , so there are at most ⌊ n 1 2
⌋ edges of T in the maximum matching of G. Therefore, we can add a new edge by connecting two pendant vertices of T 2 , and add another new edge by connecting another two pendant vertices of T 2 , till the new graph, say G * , satisfying G * ∈ ℓ m n . By Corollary 2.6, we have q(G 2 ) < q(G * ), and thus q(G) < q(G * ), it is a contradiction by the assumption of G.
Claim 2. All cycles of G are with length 3.
Proof. We assume that there exists a cycle, say C 0 = v 1 v 2 . . . v l v 1 in G, such that its length l ≥ 4. As G is a cactus, we know v i v j ∈ E G for any |i − j| ≥ 2. We will complete the proof of Claim 2 by the following three cases.
Case 1: There exists an edge uv on C 0 such that uv ∈ M. It is obvious that N(u) ∩ N(v) = ∅ by the definition of a cactus. Let G 1 be the graph obtained from G by deleting edge uv, identifying vertex u and vertex v, adding a new vertex w and a new pendant edge uw to u. By Lemma 2.2, q(G) < q(G 1 ). Take M 1 = M − uv + uw, then M 1 is a matching of G 1 . It is easy to see that M 1 is a maximum matching of G 1 , thus G 1 ∈ ℓ m n , it is a contradiction by the assumption of G.
Case 2: There exists an edge uv ∈ C 0 having exactly one M-saturated vertex.
Without loss of generality, we assume that u is an M-saturated vertex and v is an M-unsaturated vertex. Similar to the proof of Case 1, we obtain G 1 from G and take M 1 = M. Then we can show M 1 is a maximum matching of G 1 , thus G 1 ∈ ℓ m n , and q(G) < q(G 1 ), it is a contradiction. Then for any i ∈ {1, 2, . . . , l}, v i is adjacent to a vertex w i such that
Subcase 3.1:
Then we have q(G) < q(G 1 ) by Lemma 2.1. Take M 1 = M, then M 1 is a matching of G 1 . Now we show that M 1 is a maximum matching of G 1 .
If M 2 is a maximum matching of G 1 and ) is a matching of G, it is a contradiction) .
If w 1 , w 3 are M 2 -saturated, then we take
n . Thus |M 3 | = m and M 3 is also a maximum matching of G. We note that v 1 is M 3 -unsaturated, then v 2 must be M 3 -saturated. Similar to the proof of Case 2, we can obtain a contradiction. Therefore w 1 is M 3 -unsaturated or w 3 is M 3 -unsaturated. Without loss of generality, we assume that
Combining the above arguments, we have G 1 ∈ ℓ m n , it is a contradiction by the assumption of G. Subcase 3.2:
Similar to the proof of Subcase 3.1, we can show a contradiction, so we omit it. Proof. On the contrary, by any two cycles of G have no common edges, we can assume that there are two disjoint cycles C 1 and C 2 in G connecting by the shortest path
In fact, if w 1 v 1 , w 2 v 1 / ∈ M, we take M 1 = M, then our result holds. Otherwise, without loss of generality, we assume that w 2 v 1 ∈ M.
Case 1: w 1 is not saturated by M.
It is easy to see that M 1 is an m-matching of G and {w 1 v 1 , w 2 v 1 } ∩ M 1 = ∅, then our result holds in this case.
Case 2: w 1 is saturated by
By Lemma 2.1, q(G) < q(G 1 ). Take
Then M 2 is an m-matching of G 1 .
Now we show G 1 ∈ ℓ m n . Otherwise, let M 3 be a maximum matching of G 1 with |M 3 | > m, now we will obtain a contradiction by the following two subcases.
Subcase 2.1:
Thus we take
Clearly, M 4 is an |M 3 |-matching of G, it is a contradiction by G ∈ ℓ m n and |M 3 | > m. Subcase 2.2:
Clearly, M 4 is an |M 3 |-matching of G, it is a contradiction by G ∈ ℓ m n and |M 3 | > m.
Combining the above two subcases, we have G 1 ∈ ℓ m n . Then it implies a contradiction by the assumption of G, q(G) < q(G 1 ) and
Now we show G 2 ∈ ℓ m n . Otherwise, let M 6 be a maximum matching of G 2 with |M 6 | > m. We only consider the case x vs ≥ x v 1 because the proof of the case x vs < x v 1 is similar to the case
Without loss of generality, we assume that v s w 1 ∈ M 6 . Then we have the following results.
(i) There exists some
(ii) There exists some r ∈ N G (w 2 )\{v 1 , w 1 } such that w 2 r ∈ M 6 . Otherwise, M 6 − v s w 1 + w 1 w 2 ⊂ E(G) is an |M 6 |-matching of G, it is a contradiction by G ∈ ℓ m n and |M 6 | > m. (iii) There exist no pendant vertices z such that w 1 z ∈ E(G). Otherwise,
By Lemma 2.1, q(G) < q(G 3 ). Similar to the proof of Case 2, we can show
n , it is a contradiction by the assumption of G. By the above arguments, we know G 2 ∈ ℓ m n . But it implies a contradiction by the assumption of G, q(G) < q(G 2 ) and G 2 ∈ ℓ m n . Combining the above arguments, we completes the proof of Claim 3.
Claim 4. Any three cycles contained in G have exactly one common vertex.
Proof. We assume that there exists three cycles say C 1 , C 2 and C 3 in G such that they have no common vertex. By Claim 2, let V C 1 ∩V C 2 = {u}, V C 1 ∩V C 3 = {v} and V C 2 ∩ V C 3 = {w}. Then u, v and w at the same cycle C 4 . Thus C 1 ∩ C 4 = {u, v}, a contradiction to the definition of a cactus. Then any three cycles have common vertices, and thus any three cycles have exactly one common vertex by Claim 3.
By Claims 3 and 4, we know that all of the cycles contained in G have exactly one common vertex, say v 0 , i.e. G is a bundle. Now we know that the graph in ℓ m n having the largest signless Laplacian spectral radius is a bundle with some pendant trees attached, and these trees are stars by Claim 1. Now we will show these stars are attached to the vertex v 0 of G. Proof. On the contrary, by Claim 2 we can assume that there exists a cycle, say v 0 v 1 v 2 v 0 , in G such that v 1 is adjacent to i pendant vertices and v 2 is adjacent to j pendant vertices, where i, j ≥ 0 and i + j ≥ 1. We will complete the proof by the following four cases.
Case 1: i ≥ 1, j = 0 or i = 0, j ≥ 1. Without loss of generality, let i ≥ 1, j = 0. The proof of the case i = 0, j ≥ 1 is similar, we omit it. Let
Subcase 1.1: There exists a pendant edge, say
Take
By Lemma 2.1, q(G) < q(G 1 ).
In the case x v 0 ≥ x v 1 , we set
Then M 1 is an m-matching of G 1 . Now we show M 1 is a maximum matching of G 1 . If M 2 is a maximum matching of G 1 and |M 2 | > m, then there exists
n , and thus it is a contradiction by the assumption of G.
In the case x v 0 < x v 1 , we set
where u ∈ V 2 and uv 0 ∈ M. Then M 1 is an m-matching of G 1 , and it is easy to check that G 1 ∈ ℓ m n , thus it is a contradiction by the assumption of G. Subcase 1.2: Each of the pendant edges attached to v 1 is not in M. + 1) -matching of G, it implies a contradiction by the assumption of G.
Thus Take G 1 as (3.1), then q(G) < q(G 1 ) by Lemma 2.1. We set
Then M 1 is an m-matching of G 1 . Similar to the proof of Subcase 1.1, it is easy to check that G 1 ∈ ℓ m n , thus it is a contradiction by the assumption of G.
, it is easy to see that there exists a pendant edge
Without loss of generality, we assume that i ≥ 2, j = 1. Let v 2 v ′ 2 be the only pendant edge attached to v 2 . It is easy to see that there exists a pendant edge 
If the matching number of G 1 is equal to m, say, G 1 ∈ ℓ m n , we obtain a contradiction by the assumption of G.
If the matching number of G 1 is less than m, we set 
Then q(G) < q(G 1 ) by Lemma 2.1. Further, we set
Then M 1 is an m-matching of G 1 , and it is obvious the check that G 1 ∈ ℓ m n , which implies a contradiction by the assumption of G. 
Clearly, M 3 is a matching of G and |M 3 | = |M 2 | > m, it is a contradiction by the assumption of G. Thus v
